In fact, econometrics and optimal policy design become more complex within an open economy. Dynamical inferences need to be qualified by the risk of bifurcation boundaries crossing the confidence regions. Policy design needs to take into consideration that a change in monetary policy can produce an unanticipated bifurcation, without adequate prior econometrics research.
Introduction
Dynamical economic systems are subject to bifurcations. As Grandmont (1985) has shown, even simple dynamic economic systems may exhibit various types of dynamic behaviors within the same functional structure, with the parameter space stratified into bifurcation regions associated with the different dynamical solution-path behaviors. Therefore, analyzing bifurcation boundaries is required to understand the dynamic properties of an economic system. Barnett and He (1999) investigated the stability of the Bergstrom, Nowman, and Wymer (1992) continuous time macroeconometric model of the UK economy and found both transcritical and Hopf bifurcations. Barnett and He (2006) more recently detected a singularity bifurcation in the Leeper and Sims' (1994) Euler equations macroeconometric model of the U.S. economy. Barnett, Banerjee, Duzhak, and Gopalan (2011) found that including industrial organization features into a Zellner's Marshallian macroeconomic model, permitting entry and exit of firms, does not decrease the relevancy of bifurcation phenomena. Duzhak (2008, 2010) analyzed bifurcation using a closed economy New Keynesian model, based on Walsh (2003) , and found both Hopf and period doubling bifurcations within the parameter space.
Occurrence of bifurcation boundaries stratifies the parameter space. As observed by Barnett and He (1999 , 2006 and Duzhak (2008, 2010) , the existence of bifurcation bundaries in parameter space indicates the presence of different solution types corresponding to parameter values close to each other, but on different sides of the bifurcation boundary. Dynamic properties of the system can change dramatically on different sides of a bifurcation boundary. As a result, robustness of inferences about dynamical solution properties can be damaged, if parameter values are close enough to a bifurcation boundary so that the parameters' confidence regions cross the boundary.
Model
We investigate the possibility of bifurcations in the open-economy New Keynesian model developed by Gali and Monacelli (2005) . We thereby extend the conclusions of Duzhak (2008, 2010) to the open economy case. Duzhak (2008, 2010) analyze bifurcation with a closed-economy New Keynesian model and found both Hopf and period doubling bifurcations. Gali and Monacelli (2005) define a small open economy to be "one among a continuum of infinitesimally small economies making up the world economy". Thus, domestic policy does not affect the other countries and the world economy. In their model, each economy is assumed to have identical preferences, technology, and market structure, although the economies might encounter different, imperfectly correlated productivity shocks. In the Gali and Monacelli model, both consumers and firms are assumed to behave optimally. Consumers maximize expected present value of utility, while firms maximize profits.
The utility maximization problem yields the following dynamic intertemporal IS curve, which is a log-linear approximation to the Euler equation:
where t x is the gap between actual output and flexible-price equilibrium output, t r
is the small open economy's natural rate of interest, and    denotes the time discount rate, and t a is the log of labor's average product.
The maximization problem of the representative firm yields, after some algebra, the aggregate supply curve, often called the New Keynesian (NK) Philips curve in log-linearized form:
where
As stated in Gali and Monacelli (2005) 
where the coefficients 0 x   and 0    measure the sensitivity of the nominal interest rate to changes in output gap and inflation rate, respectively. In this form, the policy rule (3) is called the Taylor rule (Taylor (1993) To determine whether a Hopf bifurcation exists in the Gali and Monacelli model, our methodology is that of Gandolfo (1996) and Duzhak (2008, 2010 
Then, there exists a Hopf bifurcation at the equilibrium point
Regarding the general relationship between Theorem 2 and the eigenvalues, see Barnett and Duzhak (2010, pp. 107-108) and Wen, Xu, and Han (2002, p. 351) . For Hopf bifurcation to arise with the class of dynamical systems relevant to the Gali and Monacelli model, Theorem 2 requires a pair of complex conjugate eigenvalues on the unit circle and one real-valued eigenvalue lying outside the unit circle.
For the numerical analysis, we follow the methodology developed by Govaerts, Kuznetsov, Khoshsiar, and Meijer (2008) and use the CL MatCont software within MatLab. We follow Duzhak (2008, 2010) to derive the conditions for the existence of Hopf bifurcation. In computations we always use CL MatCont for Hopf and all other forms of bifurcation that the program can detect. We provide Theorems 1 and 2 for Hopf bifurcation, and not the theorems relevant to other forms of bifurcation, primarily because Hopf bifurcation has been the most important and most commonly found in economics as well as in this research, but we do not constraint CL MatCont to search for bifurcation consistent with Theorems 1 and 2.
Indeed we do find other types, in some cases, such as period doubling (flip) bifurcation.
We consider contemporaneous, forward, and backward looking policy rules, as well as their hybrid combinations. We summarize analytical results and discuss numerical results for each case. We use the calibration values of the parameters as given in Gali and Monacelli (2005) . In our applications, we use the subscripts j = π, x, r , rather than 1, 2, 3, to designate the subscripts of the three parameters of the New Keynesian policy rules, as defined in equation (9) below.
Current-Looking Taylor Rule
Consider the following model, in which the first two equations describe the economy, while the third equation is the monetary policy rule followed by the central bank with N = 2 policy parameters:
Rearranging the terms, the system can be written in the form
We assume the eigenvalues of the system (7) are complex conjugates. Using Theorem 1, the conditions for the existence of Hopf bifurcation in the system (7) are presented in the following Proposition.
Proposition 1: Let  be the discriminant of the characteristic equation. Then system (7) undergoes a Hopf bifurcation, if and only if 0  and
In the closed economy case, the corresponding value of the bifurcation parameter is
, as given by Barnett and Duzhak (2008) . For 0   , Proposition (1) gives the same result as the closed economy counterpart.
We numerically find a period doubling bifurcation at 2.43 as exchange rate stabilization or an underestimation of the potential output level, which can produce such a result; but otherwise it is difficult to rationalize a negative policy parameter on the output gap.
There is a large literature seeking to explain procyclicality in monetary policy. Demirel (2010) , for example, shows that the existence of country spread can explain how optimal fiscal and monetary policies can be procyclical. Leith, Moldovan, and Rossi (2009) argue that with superficial habits, the optimal simple rule might exhibit a negative response to the output gap.
Such a perverse policy response to output gap or to inflation can induce instability in the model.
A countercyclical monetary policy, on the other hand, would be bifurcation-free and would yield more robust dynamical inferences with confidence regions not crossing a bifurcation boundary. current-looking Taylor rule is not subject to bifurcation within the feasible parameter space, although bifurcation is possible within the more general functional structure of system (7).
Current-Looking Taylor Rule With Interest Rate Smoothing
Consider the model consisting of equations (4) and (5), along with the following policy rule having N = 3 policy parameters:
We can write that system of three equations in the form 
Assuming the system (10) has a pair of complex conjugate eigenvalues and a real-valued eigenvalue outside the unit circle, the following proposition states the conditions for the system to undergo a Hopf bifurcation. 
(ii)
Since condition (12) 
Forward-Looking Taylor Rule
Consider the model consisting of equations (4) and (5) along with the following policy rule:
Rearranging terms, we have the reduced system in normal form,
Assuming a pair of complex conjugate eigenvalues, and using Theorem 1, we provide the conditions for the existence of a Hopf bifurcation in the following proposition. 
Proposition 3: The system (15) undergoes a Hopf bifurcation, if and only if
0  and     * 1 11 x          .(16)
Pure Forward Looking Inflation Targeting
Rearranging the terms, we have the following reduced system in normal form This result shows that setting the discount factor equal to 1 puts the system on the Hopf bifurcation boundary and creates instability. We also numerically find a period doubling bifurcation at 0.91
. But that point is outside the feasible parameter space subset. 
Backward-Looking Taylor Rule
Consider the model consisting of equations (4), (5), and the following policy equation:
We can write the system in the standard form 
In order for a 3-dimensional system to exhibit a Hopf bifurcation, the system should have a real root and a pair of complex conjugate roots on the unit circle. The following proposition states the conditions for the system (21) to exhibit a Hopf bifurcation.
Proposition 5: The system (21) undergoes a Hopf bifurcation, if and only if the following transversality condition holds,
for some j, and the following conditions also are satisfied:
We numerically detect a period doubling bifurcation at 1.91  , but still within the subset of the parameter space defined to be feasible by Bullard and Mitra (2002) . Lowering  and raising  increase the value of the bifurcation parameter   .
Backward-Looking Taylor Rule with Interest Rate Smoothing
Consider the following model, consisting of equations (4) and (5) and the following policy rule:
The system can be written in the form 
Based on Theorem 2, the following Proposition states the conditions for the system (26) to exhibit a Hopf bifurcation. 
Hybrid Taylor Rule
Consider the model consisting of equations (4) and (5), along with the following policy rule:
The model can be written in normal form, 1 t t t E   y Cy , as follows:
Assuming the system has a pair of complex conjugate eigenvalues, we can expect to find 
Conclusion
We ran bifurcation analyses on the open-economy New Keynesian model developed by Gali and Monacelli (2005) . We have shown that in a broad class of open-economy New Keynesian models, the degree of openness has a significant role in equilibrium determinacy and emergence of bifurcations. We acquired that result with various forms and timings of monetary policy rules.
The open economy framework brings about more complex dynamics along with a wider variety of qualitative behaviors and policy responses. We established the conditions for Hopf bifurcation with each model, based on the Hopf Bifurcation Theorem. Numerical analyses are performed using our theoretical results and also to search for other types of bifurcation. Limit cycles and periodic behaviors are found, but in some cases only for unrealistic parameter values. Our numerical analyses with CL MatCont also identify the existence of the period doubling bifurcations. In each case, we then numerically constructed corresponding bifurcation boundary diagrams.
The most important findings of this study regard the effects of the openness of economy on the values of bifurcation parameters. Under the monetary policy rules, the degree of openness in New Keynesian models changes the value of bifurcation parameters. But the bifurcation stratification of the confidence regions remains a serious issue. Inferences from New Keynesian models and policy designs using those models should be qualified by the risk that the simulations and inferences could have been produced with parameter settings on the wrong side of a nearby bifurcation boundary. Stratification of the confidence regions, as found in the closed-economy New Keynesian models examined by Duzhak (2008, 2010) 
